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1. Introduction 



It is well known that energy spectrum of the hydrogen atom had been calculated long before creating the 
consistent quantum mechanical theory. It was established that the Bohr-Sommerfeld rules, basis of the 
"old" quantum mechanics even without rigorous mathematical foundation, are closely referred to the 
so-called WKB-approximation it the consistent quantum theory [1-45]. 

Looking for solvable models in the framework of "new" quantum theory, some coolness towards 
approximate methods and any achievements of the Bohr-Sommerfeld mechanics was inevitable. But now 
and then the same question arises in the literature: why in the case of hydrogen atom the Bohr-Sommerfeld 
rule leads to the known exact energy spectrum. Also, from time to time in the literature one can face 
statement of the sort: in a potential tp the Bohr-Sommerfeld quantization gives an exact result e n (ip). 

In the present work we turn again to a hydrogen atom but now placed concurrently in three different 
curved space backgrounds: Euclide £3 (zero curvature), Riemann S3 (positive constant curvature), and 
Lobachevsky H3 (negative constant curvature). We have considered models based on Schrodinger, Klein- 
Fock equations in these three space models and shortly analyzed a hydrogen atom described by Dirac 
equation in i^-space. From the very beginning it should be noted that these three hydrogen atom models 
prove themselves essentially different from mathematical and physical standpoint [46-68], and their study 
manifestly adds to general geometry-physics ground and to development of the quasi-classical method 
itself . 

For the first time the hydrogen atom in a curved space-time was considered by E. Schrodinger [46]. 
In this work he elaborated the so-called factorization method as applied to some quantum mechanical 
eigenvalues problems, in particular the harmonic oscillator and the hydrogen atom. However, the method 
fails to function for a continuous part of the hydrogen energy spectrum. An idea to alter the task in 
order to obtain only discrete energy levels had arisen. Such a full discreteness is achieved by mere placing 
the hydrogen atom into a Riemannian 3-space of constant positive curvature S3, because this 3-space is 
compact and therefore it might reproduce the effect of a finite dimensions box. 

In hyper-spherical coordinates (x, 0, 4>) of S^-model 

dl 2 = d X 2 + sin 2 X (de 2 + sin 2 Bdcf 2 ) (1.1a) 
the quantum mechanical Hamiltonian of the system has the form 

ff = -- — JLtfufJ. e —. (1.16) 

2 y/g dx a vy y dx a tanx 

Let us use the following notation: the curvature radius p is a length unit, M is an electron mass, h 2 /Mp 2 
is an energy unit, e = j/jfT? is an effective constant characterizing intensity of the Coulomb interaction. 
The sign at (e/tanx) hand-picked in eq. (1.1b) As expected the energy spectrum of the task turns out 
to be discrete in full, and as shown in [46] it is 

e„ = + \ (n 2 - 1) , n = 1, 2, 3, ... . (1.1c) 

The level e„ displays n 2 -degeneration similar to that existing in ordinary hydrogen atom theory. The 
number of negative energy levels is finite and it equals 

a;o-l, where x 2 = ^(1 + \J \ + 4e 2 ), (l.ld) 

if xo is integer; at this there exists a zero level e = 0. When xo is fractional the number of negative 
energy levels equals an entire part of xo- As long as xo > 1 holds, no matter how small is e (arbitrary 
small Coulomb attraction) always there will exists at least one negative energy level. In other words 
always there will exist at least one bound state of the system. It should be especially mentioned that in 
a E^-based model of the hydrogen atom, no matter how small the intensity of the Coulomb attraction is 
there exists an infinite set of energies being concentrated near a zero point. 

A hydrogen atom model in Lobachevsky space H 3 turns out to reveal still more uncommon properties 
[47]. In hyper-spherical coordinates of H 3 -sp&ce 

dl 2 = d X 2 + sinh 2 X (d0 2 + sin 2 6d(f> 2 ) (1.2a) 
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the quantum mechanical Hamiltonian of the system looks 



In [47] an energy spectrum and corresponding wave functions \&ez m (X; ^ </>) were found. The energy 
spectrum has a discrete and continuous parts; and the discrete part contains a finite number of energy 
levels 

-y<e<(^-e): e n = - \ (n 2 - 1) , n = 1, 2, 3, N . (1.2c) 

At this the level e„ is n 2 -degenerate in a way similar to the common hydrogen atom in the flat space. At 
e > (| — e) the energy spectrum is continuous. The number N of discrete energy levels equals to (y/e — 1) 
at integer e, and N equals to an entire part of \fe if y/e is fractional. From the above it follows that 
along with decreasing e-parameter the number N gradually decreases too, and the point e = 1 represents 
a crucial moment after which no bound states in the system exists. In other words, in the £f3-space, the 
hydrogen atom is possible bound system only at e > 1. 

Here one remark should be added. The distinctive features of the Kepler quantum problem in curved 
space backgrounds described above show potential value of these systems (and similar to them) from 
another view point. Any task, firstly being formulated as an old quantum problem in a new space 
background can be re-formulated as a certain special quantum problem in an old flat space background. 
So, there exists a systematic way based on geometry to reproduce some quantum mechanical potentials 
with physically interesting properties. Such a technique might be understood as a way to reproduce 
alternatively the usual potential approach to quantum mechanics through a geometry. Obviously, such 
an approach was discussed and used in the literature (for example, see [66]). 

2. WKB-quantization and hydrogen atom in i?3-space 

In Section 2, general mathematical structure of n-order term Q n in WKB-series is es- 
tablished. It is proved that all terms Q n ,n > 2 do not contribute into an exact quantum 
mechanical quantization condition. In the light of this, success of the old quantum mechanics 
is fully rationalized. 

Let us consider again a non-relativistic hydrogen atom in Euklide space model E^. Schrodinger's 
equation after separation of variables by a substitution \V = R(r) Yi m (9, <p) leads to 

1 d 2 d „ , 2M , a, 1(1 + 1) . „ 

-—r 2 — R+[- T (e+-)-±^}R=0. 2.1 
r 2 dr dr % r r 2 

Let t be a new variable: t = lnr, r = e*, t G (— oo, +oo), then 

d 2 r, d r, r 2eM e 2 * + 2aM e* . . „ n /n n , 
^ «* + l)]* = 0. (2.2a) 

One can exclude the first derivative term by a substitution R{t) — e~*/ 2 S(t) 

d 2 n 2 

n 2 = 2eM e 2t + 2aM e* - L 2 , L 2 = h 2 {I + i) 2 (2.26) 

and further 

S(t) = exp [1 / Q(t) dt], - ^-Q + Q 2 - n 2 = . (2.3) 
ft j i dt 

Now let us expand the function Q(t) into a series in terms of (h/i) n 

Q(t) = E [(j) n On(t)] • (2.4) 
n=0 
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Substituting this formal decomposition into eq. (2.3b), we will have 



OG , 71 

(Ql - n 2 ) + (-)" [ T , Qn-i + E Ofc 1 = o , (2.5) 



71=1 fe=0 

from which it follows 

Id 

Q^ = n 2 , Q„ = -_ - (-Q„-i + V Qn-kQk) = 0, n=l,2,... (2.6a) 

Starting from the known Qo, the relations (2.6a) enable us to calculate generally speaking all remaining 
Q n \ some first such terms are (below the symbol ' will denote (d/di)-derivative): 

Ql = n 2 => g = iVn 2 , 
Qi = - — <3o . Q 2 = - ^- ( Qi + Q? ) , - (2.66) 

Now we are at the point to formulate general quantization condition: 

We will assume that the wave function S(t) corresponding to a bound state, being consid- 
ered as a function of a complex variable t, has a finite numbers of zeros in the complex plane, 
which are allocated at real r-axis between classical turning points. According the known the- 
orem in complex variable functions theory, the number of such zeros of S(t) within certain 
domain can be calculated through an integral of the logarithmic derivative (ln.S'(i))' along a 
contour bounding that domain: 

^ = (2-7) 

Taking into account (2.3), the quantization condition (2.7) will take the form 

<j> Q{t) dt = 2-kTi n , (2.8) 

from which substituting a series (2.4) instead of Q(t), we arrive at 

V[(-)" f Q n (t)dt] =2Trhn. (2.9a) 

n=0 1 J £ 

It should be especially emphasized that relations (2.7), (2.8) and (2.9a) are precise mathematical condi- 
tions without any approximation. 

Below, at calculating separate contour integrals in (2.9a) we will be needing to use a complex variable 
z = e*, so instead of (2.9a) one has 

V [(-)" i Qn(z) — } =2nhn. (2.96) 

All terms z _1 Q n (z) in the WKB-series (2.9b) are single valued and analytical functions of the variable 
z just in 3-connected domain of z-plane, bounded by three contours £ aLl = Co + £00 + £ (see. Fig. 1; 



dashed line designates a special cut needed to allow for existence of two branch points of Qq = VII 2 ; Cq 
is any enough small contour around zero point z — 0; is any enough large contour around oo-point): 




Fig. 1 (3-connected domain and Cauchy theorem) 

Besides, all functions z~ x Q n (z) are continuous up to the boundary £ al1 , hense Cauchy theorem will hold 
in this 3-connected domain: 

- / Qn{z) — + I Qn(z) — + I Q n (z) — = ; (2.10a) 

JC z JC(0) z Jc(oo) z 

where the sign minus before the first integral refers to "improper" direction of going around the contour 
L. With the use of conventional residue notation, from (2.10a) we arrive at the main working formula 



<f Qn(z) — = - (2ni) ^2 res 



Qn{z) 



(2.106) 



Z — 0,00 

Thus, for the zero order term in (2.9b) we obtain 



<f Qo( z ) — = — {2m) ^2 res 



V2eM z 2 + 2aM z — L 2 



2—0,oo 

aM 



= 2k{-L + i -== ) . (2.11) 
V27M 



As for the next order term Qi(t) we have 



^ / n 1 w , x 1 ( 2eM e 2 ' + " M e*) ,„ „ , 

= - Q0(t) = "2 (2eMe 2 ^2aMe'-L 2 ) ' 

and its contribution is 

- / Qi(z) — = -nh. (2.126) 
With regard to Qo and Qi, eq. (2.9b) gives the following (i = 7i (Z + |) ) 

-L + i —== - - = Tin e = 5 . 2.13) 

V27M 2 2h 2 N 2 

where N = (n + I + 1). The energy spectrum obtained coincides with the known exact result from the 
Schrodinger quantum mechanical equation. 

Now it is the point to understand this coincidence from a more general viewpoint. What are the 
reasons for such a success of the seemingly approximate technics. The form of Qo as a second order 
polynomial is relevant point; and another essential fact is that £-contour encloses zeros (classical turning 
points or branch points of y/P) of this polynomial. At these general assumptions we always will obtain 

Qo(t) = VP, P = (Ae 2t + Be' + C) , (2.14) 

Qo(z) m Qo(z) B 
res z=0 = VC, res z=OG - — 



z 



2\fA 



I Q a dt = 2tt [-y/^C + i ] ; 

Jc 2v A 

O (t) = -®L - I J_ - I £1 

W J 2Q 2 2-/P \/~P 2 2P ' ^ 

- & Q 1 dt = — 2tt . 
1 Jc 2 

Now we are going to elucidate general structure of all terms of greater order than the first. For Q2(t) we 
have 

Q 2 (t) = --L(Q' 1 + Q?) = 

1 .. . I P" .1. P'P\ .1. P'P 1 , 
K (-o)ttb + (o) w) + (7) 



2^ 2'2P v 2 ; 2P 2 ' v 4 y 2 2p 2 
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1 



P" 5 P'P' 

+ ■ 



2VP L 2 2 P ' 4 2 2 P 2 J ' (2 ' 15) 
Further it will be helpful to use special designation. The terms Qi, Q2 let be expressed symbolically as 

2' ^ 1 , 2' 4' 

2' g ^V^ ( 2 S 



Qi 



)> 



(2.16a) 



where 

P' 2' 
( - 2p) referst0 ' 

. P" . 2' 

(~ 2~2P> S t0 2" ' 
,1, P'P' 4' 
( 4 ) 2 2 P 2 " referst0 J • 

In other words, the notation used keeps only information relevant to further calculating the residues reso 
and resoo- 

1) we indicate the power of polynomials at numerator and denominator of any term; 

2) also we indicate that the numerator - polynomial in e* was differentiated with respect 
to i-variable and therefore the constant term of the polynomial is suppressed. 

No matter how many times the polynomial was differentiated, the same single symbol ' 
stands for all these cases. 

In such symbolic notation the operator d/dt acts as follows 



d_ _L_ 

dt VP 



1 2' 



2a/P P VP 2 ' 



d 2' 


I 2 - 


4' 


~dt ~2 ~ 


1 2 


B 4 


d 4' 


4' 


6' 


SI ~ 


4 S 


>6 



Now we are ready to proceed to Q3 term: 



= - (Q'2 + 2QiQ 2 ) ~ 
2(^0 

vp V^vp 2 ® 4 2 vp 2 

"~2',2' 4\ d ,2' 4\ 2', 2' 
2 ( 2 4 )0 S ( 2 4 )0 2 ( 2 



1 

P 



So, the final structure of Q3 looks as 



'-) 
4 7 

4'/ 



Q 3 



1 * 
P V 2 



4 



6' 



)• 



(2.166) 



Let us consider else one term: 



Qi = -7^r (Q's + zQiQz + Qi) ■ 



With the use of symbolic notation we get to 



1 d . 1 .2' 4' 6'. 
° 4 ~ VP { * [ P ( 2 6 } 



(2.16c)) 



2' 1 .2' 4' 6\ . 1 , 2' 4' 2 . 
>2 P ( 2 4 6 } [ 7^ ( 2 4 )] } 
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1 



2' 



4' 



6' 8' 

6 8 



PVP 2 4 

At this point we are ready to write down symbolically the following general structure of an arbitrary 
order term Q n of WKB-series: 



1 



2/ 
~2 



£ 
1 



(Vp)™- 1 

It is readily verified that all required residues vanish identically 

Qn(*) 1 



(2ny 
(2n) 



res z=0 



= 



res 



Qn(*0 QnGr 1 ) 
= -res y=0 



= - res y=0 



y ( VMi 



v 

_ 2f_ 4^ 
- 2 +B ir l +C )"-! 2" 8 T 



1 



(2n)' 



res v=0 



y 



n-l 



^ - ^ (2n) J2 ' ; 
consi = . 



(2.17a) 



(2.176) 



So, the success of Borh-Sommerfeld quantization for the hydrogen atom is rationalized in full. 



(2.17c)) 



3. Non-relativistic hydrogen atom in Lobachevsky space H 3 

In Section 3 it is shown that the Borh-Sommerfeld quantization as applied to the hydrogen 
atom in Lobachevsky space H$ provides us with an exact energy spectrum of this generalized 
atom model. 



In Lobachevsky space the radial wave equation has the form 



1 



d 



sinh 2 x~r R + [ 



2Mp 2 



a 



sinh 2 dx d\ h 2 

Introducing a new variable t = ln(tanhx) 

1 r 2e/9 2 Me 2t + 2ap 2 Me* 



p tanh x sinh \ 



dt 2 + dt + (1-e 2 *) 2 ' 



1(1 + - e 2t )]R = 



and excluding the first-derivative term by the substitution S = e*/ 2 R one gets to 



(1-e 2 *) 2 



2ep 2 M e 2t + 2ap 2 M e* 

h 2 



l(l + l){l-e 2t ) 







(3.1) 



(3.2a) 



(3.26) 



Further we are forced to move through trial and error method. Because we have known an exact energy 
spectrum of the system in advance, we are going to proceed in the following way: in the exact quantization 
condition let us take into account only two first terms of a certain formal WKB-series, on obtaining the 
required exact result we will analyze next terms. 
Firstly, with the use of the trick 



1 e 2t 1-e 2 * 1 1 2 ; 4 J 1 - e 2t 



i L2 K 



cq. (3.2b) becomes 

d2 s 

d£ S 



2ep 2 M e 2t + 2ap 2 M e* - L 2 (l - e 2 *) 1 1 

A * ' 



ft 2 (l-e 2 *) 2 



4 v 1 - e 2 



1) 



S = 



or shorter 



d 2 n 2 (t) 

' S(t) + [ + A(t) ] S(t) = , 



dt 2 



(3.3a) 



(3.36) 
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2 _ (2ep 2 M + L 2 )e 2t + 2ap^M e* - L 2 1 e 2t 



(1 - e 2t ) 
Further we act as in Section 2: 

S(t) = exp[ l - J Q(t)dt ] , 



2 A 



4 (1 - e 



-^Q + Q 2 -n 2 + (-) 2 A = o, 

i at i 



Q(t) = f\ [ (?)" Qn(t) ] , Q = VW, Q 1 = --i-Q(,, 



n=0 



02 = -^ [Qi + Qi + A] 

^0 



1 , d 



2Q 

Quantum condition is the same 



Qn = ~ [ ll*?™- 1 + X! Qri-kQk } = , 71 = 3,4,5, ... 



(3.4a) 



fc=i 



— /[4lnS(t)]dt = n 

2717 J £ L dt ^ " 

S [(-)" f Qnit)dt] =2nhn. 



(3.46) 



In contrast to previous case (Section 2) here we are to employ Cauchy theorem for a 5-connected domain: 







-© 4 






p K- (fr' r 







Fig. 2 (5-connected domain and Cauchy theorem) 
Cauchy theorem provides us with relation 

- / Qn{z) — + 
JC z 



(3.5a) 



+ / Qn(z) — + I Qn(z) — + 

JC(0) z JC(-l) z 

+ I Qn(z)— + <f Qn{z)— = 0; 

JC( + 1) z Jc(oo) z 

the contour C is going around in improper direction which reflects the sing minus at the first term. From 
(3.5a) it follows 

dz = (_ 27ri ) V res z=0 . ±hoo . (3 .56) 

z ' z 

Two first terms of the WKB-series contribute to quantum condition (to do formulae shorter dimensionless 
quantities are used) 

j> Q {t) dt = (-2m) yJ~V- - ^ ( V2e + 2e + V2e - 2e ) 
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r, dz * 
Qi — = — 7r ft . 

z 



(3.6) 



which results in 



- (V2e + 2e + \/2e - 2e) = ft (n + Z + 1) 



iV = n + Z + 1, 



e 2 A^ 2 
27V 2 ~ IT 



However we have known an exact energy formula [47] 

e 2 N 2 -\ 



2N 2 



(3.7a) 



(3.76) 



So, (3.7a), what we have found, slightly differs from expected eq. (3.7b); difference is in an additive 
term |. Returning to the expression (3.3b) for II 2 , one notices that it would suffice a single change 
(2e + L 2 ) =>■ (2e — ft 2 + L 2 ) , to reproduce through 2-term WKB-quantization just the exact energy 
formula (3.7b). This change would lead to 



,;2t 



(- 



o2t 



„2L 



r) = 



5 — e 



21 



.,21 



4(1 -e 2t ) v 4(l-e 2t ) (l-e 2 *) 2 ' 4 (1 - e 2 *) 2 

In other words, instead formulas (3.3b) one should begin with the following equations 

d 2 U 2 (t) 

' S(t) + + A(t)]S(t) = 0, 



dt 2 



U 2 (t) 



(2e - ft 2 + i 2 )e 2t + 2a e* - L 2 



(1-e 



2t\2 



A(t) 



5 - e 2t e 2t 



4 (l-e 2t ) 2 ' 

For the following it will be convenient to have solved the task (3.8b) in a general form 



and further 



Qo m 

res z=0 — = v 6 , 

z 



res z=c 



= 



Qo i 



res , =+1 ^ = - - VaTbTC , 
z 2 



Qo 



res ,=_! — = - - - B + C , 
z 2 



dz 



Qo— = 2tt[-V^C+- (y/A + B + C + y/A-B + C)] 



Qi 



-(— 



2e 2 



2 V 2P ' l-e 2t 
The 2-term WKB-quantization provides us with 



), 



. dz „ ft 
>!— = -2tt-. 
z 2 



(VA + B + C7 + VA-B + C7) 



= ft n 

2 



(3.8a) 



(3.86) 



(3.9a) 
(3.96) 

(3.9c)) 



as applied to (3.8b) this leads to 

(V2e - 1 + 2e + V2e - 1 - 2e) = AT , N = (n + l + 1) , 

from which it follows an exact energy formula. It can be readily verified by a straightforward calculation 
that the next term Qi (see (3.4a) and (3.8b)) gives a zero to the main quantization condition 2 

2 General task of proving that all terms greater order than Q2 do not contribute to the quantum condition looks quite 
interesting from mathematical viewpoint, but it will be omitted here. 
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4. Hydrogen atom in Riemann space of constant curvature S3 

To have analyzed the hydrogen atom in the same line on the Riemann constant curvature background we 
need no new ideas in addition to previous case (Section 3). And so it suffices to write down only several 
main relations: 

Radial wave equation has the form 



1 d . o d „ r 2Mp 2 , a, . 1(1 + 1 

— sm 2 x~r R + H TT- ( e + — r - . 2 : 

sir ax dx h ptanx sm z x 



Quantization condition remains the same. Computation of contour integrals is reduced to four residues: 

Qn(z) , , . ,Qn(z)- 



dz = (-2m) ^2 res z=o,±i,oo (— ) • 



2-term quantization gives 



- (Y/-(2ep 2 M + fi 2 ) + 2iapM + y / -(2ep 2 M - 2iapM) = % (n + I + 1) , 
from which it follows the exact energy formula 

N 2 - 1 



2N 2 



+ 



5. WKB-analysis of the Klein-Fock equations in spaces E 3 ,H 3 ,S 3 

The hydrogen atom models based on Klein-Fock equation in three spaces £3 , #3 , £3 are 
described by radial equations which come within the general types that have been considered 
at non-relativistic case (see (2.17) and (3.9)), hence we can act nearly formally without any 
serious additional work. At this line one can readily produce three known exact energy spectra 
on the base of the 2-term quantization. 



,2 /*2 o \ _1 / 2 



In flat space E3 

2 ( * a 

c — rnr- I 1 -I- 

N 2 

In the Riemann and Lobachevsky spaces (upper and lower sign correspondingly) 



njfl + l&L) ■ (5.1) 



mc 2 ( 1 + V2 J^-J^iNt-l + afl/h**) (5.3) 



where N = (n r + 1/2+ yj (I + 1/2) 2 - a 2 /h 2 c 2 



6. Energy spectrum of a free Dirac particle on the sphere S 3 

Omitting all details on separating the variables in the free Dirac equation in space of positive constant 
curvature S3, let us start with a corresponding radial equation 



d 2 p 2 {e 2 -m 2 c 4 ) fc 2 + fccosx , , , . 

ax c 2 Ti sin x 



With a new variable t = In tanx, eq. (6.1) takes on the form 

cP_ _ l-e 2t d_ 
dt 2 ■' 1 + e 2t dt 1 

111 2 4\ 

r p (e -m c ) j-2l 2t_ r 2 



+ F (1 + e 2 *) 2 7 " (1 + e 2 *)^/ 2 / = ° ■ (6 ' 2) 
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Further let us act in accordance with a standard scheme: 



/ = exp[- \ Q(t)dt] , Q(t) = (~) k Qk(t) , 



k=0 



1 IV' 
2m J r V 



Y^(-) k I Q k (t)dt = 2TThn 



For two first terms in the quasi-classical series we have expressions: 



Qi(t) 



their contributions are 



Qo(t) = 

, 1 - e 2t 



[fy(e 2 - m 2 c 4 ) - L 2 ]e 2t - L 2 



l + e 



it 



1 



2 \Qo l + e 



it 



[£ (e 2 - m 2 e 4 ) - L 2 ] e 2t 
[4 (e 2 - m 2 c 4 ) - L 2 ]e 2t - i 2 



j> Q dt = 2ir[-kh + \j ^(e 2 - m 2 c 4 )] 



Qidt = 27r(--) 



So, 2-term quantization gives 



(6.3) 



^!( e 2 „ m 2 c 4) = ( n + fc + I) 



e = Wm 2 c 4 + — (n + k + -) 2 
which is an exact energy spectrum for a free Dirac particle on the sphere 53. 



(6.4) 



7. Dirac equation in spaces H 3 and S3 

Let us consider quasi-classical description of the hydrogen atom on the base of Dirac equation in f/3-space. 
After separation of variables in hyper-spherical coordinates the radial system is 



4- + ~ r / - ^ e + mc 2 + - tanh x .9 = , 
ax sinhx nc p 

- — — ff + f - e - mc 2 + - tanh X )f = , 
d\ sinhx nc p 



so the task is reduced to a second order differential equation 

1 



* f + («/,) 



dx 2 sinh x cosh X + ( e + mc 2 ) sinh X ] d X 



4-1 + 



+ 



2 ,2 



7i c ; 



(e + - tanh 1 x) 2 - m 2 c 4 
k {a/p) 



k 2 + k coshx 
sinh 2 x 

/ = o. 



/ + 



sinh x f cosn X + ( e + ™c 2 ) sinh x 
With a new variable ln(tanh(x/2)) = t this equation takes on the form 



dt 2 



I + 



l-e 



21 



l + e 



e 2 * + 2ae t + 1 l-e 



21 



21 



d_ 

dt 



f + 



+ 



1 



1 



h 2 (l-e 2 *) 2 



( 2e * + 2 (1 + e 2 *)) 2 _ m Vc 4 4e 2t - L 2 (1 - e 2t )^ 



(7.1) 



(7.2) 
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2e* a(l + e 2t ) + 2e* 
fc T^I (l + e 2t) + a2eJ f ~ ° 5 (7 - daj 



where 



or in a short form 



L 2 = h 2 k 2 , a = (7.36) 
a/p 

/" + V /' + + A)/ = . (7.4a) 



Further acting upon old scheme: 



/ = exp[^ J Q{t)dt] , 

-Q' + Q 2 + -VQ-U 2 + (-) 2 A = (7.46) 

ii i 



for terms of quasi-classical series we find recursive relations: 

n—oo ^ 



n=0 1 



Ql = U 2 , Qx =--L(Q> + VQ ) , ... (7.4c)) 



Quantum condition is 



i I r 



k—oo + „ 

, ,dt = n V (-) fe « Q k (t)dt = 2ithN (7 Ad) 

Here we need to discuss some new peculiarities. The matter is that the term Qo in z — tanh ^ variable 
has the form 



Qo(z) = n(z) = — ^ ,/[2z ^ + - (1 + z 2 )] 2 - mVc 2 4z 2 - L 2 (l - z 2 ) 2 , (7.5) 
1 — z y c c 

which means that under square root stays 4-order polynomial. To make use the conventional residue 
theory we are forced to take for integration only such contours that enclose all four branch points of 
Qo(z)-term. 

Let us show that two zeros of the function Qo(z) are allocated in physical region and two zeros are 
allocated in non-physical one. To understand this let us consider in some detail such a relation 

2 tanh $ 2 2w \ 

tanh y = tj— ==> w + 1 — = , w — tanh — : 

1 + tanh 2 § tanh X 2' 



which has two solutions: 



cosh x — 1 cosh x + 1 

Wl = z = — — , w 2 



sinhx ' sinhx 
Taking into account relations 

z = 1 - 2 — < 1 , z = tanh A 

e+x - e -x 2 

1 4- e~ x Y 
Z = 1 + 2 —A > 1 , Z ^ tanh A : 

one concludes that only one solution, z can be related with a physical variable tanh^,x € (0,+oo); 
whereas the second solution Z E (+1, +oo) cannot be related in any sense to physical variable X- Besides, 
between roots z and Z there exists simple connection: 

w 1 w 2 = z Z = 1 . (7.6) 
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Now let us compute what the term Qo gives into quantum condition. (7.4d): 

Qo(t)dt , 



integration should be taken along the contour enclosing classical turning points on positive x _ax i s as 
shown in Fig. 3 

Fig 3. Physical integration contour C(z). 























Zl z 2 1 



However on mathematical reasons it will be convenient to change this integration contour C into doubled 
one £ (enclosing non-physical region of x~ variable) 



j Q (t)dt = \ j> Qo{t)dt ; 
Fig. 4. Doubled integration contour C'(z) 



(7.6c)) 































Zl z 2 1 


Z 2 Zi 



z(Z) 



With such a trick we will count up total number of zeros: physical and unphysical ones. 
In so doing we will find contribution of the term Qo through conventional residue-technics: 



X - I Q (t)dt - (i) (-2ni) J2 res 

Jc ' ' 0,oo, ±1 



Qo(z) 



(7.7a) 



Allowing for 



res z =0 



Qojz) 

z 

Qo(z) 



= Q (z = 0) = d^-L* 



z V c c 



res 



Hz) 



-res v=0 - 



Qo(y- 1 ) 



L 2 



1-term quantization provides us with 



(j) (-2«) 
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e 2 p 2 „ „ „ a 2 , aep 



c 2 ' c 2 c 2 



= 2irh n (7.76) 



As for the next term contribution 



Ql = ~Wo [ Qo{t) + V{t) Qa{t) ] ■ (7 - 8a) 



n> +2e2t 1 1 

Qo{t) ~ (l-e 2 *) 2 + + (1 - e 2 *) ~ X 



with (in units c = 1, U = 1) 



x [[2ee* + a(l + e 2t )] (2ee 4 + a2e 2t ) - m 2 4e 2t + 2i 2 (l - e 2t )e 2t ] ; (7.86) 
for (Qb/Qo) anf V(i) one has 

Q' _ 2e 2t pee* + a(l + e 2t )] (2ee* + a2e 2t ) - m 2 4e 2t + 2L 2 (l - e 2t )e 2t 

' TO — t. i „V1 i „2*\12 ™2/l„2* r2/1 „2t\2 ' (7.»C) 



Qo 1 - e 2t [2ee* + a(l + e 2t )] 2 - m 2 4e 2t - L 2 (l - e 24 ) 2 



1 - e 2t 1 + e 2t 

V = o , - - — . (6.8d) 
e 2t + 2ae* + 1 1 - e 2t 



Allowing for 



<j> Qi(t) dt = -2m x 

x(-bl £ -*G§tS)+ E -(V))). (7-9) 
we arrive at the vanishing contribution of the term Qi. Therefore, 2-term quantization leads to 



6 = mc 2 (l + V2 ^1-^ (A 2 + « 2 /^ 2 ) • (7-10) 



where A = n + \J k 2 — a 2 /h 2 c 2 . 

Consideration of the hydrogen atom on the base of Dirac equation in the space S3 can be done in the 
same line. The final result is as follows 



e = mc 2 ( 1 + V2 {N 2 + a 2 /H>c 2 ) . (7.11) 



where A = n + J k 2 — a 2 /Ti 2 c 2 



However, it must be stressed that these two formulas obtained are hardly correct in full 
because the second one (7.11) does not result in an exact result at a — (see Section 6) 
3 . Moreover, turning to the next terms Qi^Qz and so on , we might see that they give 
not-vanishing contributions. The latter indirectly proves only approximate character of the 
formula (7.1). In should be added that till now any exact wave function solutions of the latter 
task have not found. 



3 This formula was found in [68] on the base of other considerations, where it was considered as exact one. 
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